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Abstract

A method is proposed for determining power-density profiles in nuclear reactor fuel rods from neutron flux

measurements obtained by multiple in-core micropocket fission detectors (MPFD). A general formulation is presented

that relates the power-density profiles in a reactor’s fuel rods to the flux density at detector locations. Key to this

formulation is the construction of an appropriate response function that relates the flux at any position in the core to

the rate at which neutrons are born at different depths in the fuel rods. In this preliminary study simple, although not

unrealistic, response functions for thermal neutrons and for fast neutrons are derived and used to illustrate the analysis

methods.

To find the unknown power-density profiles in the fuel rods, given the measured fluxes at various locations through

the core, requires inversion of an ill-posed Fredholm integral equation. With numerical quadrature, this integral

equation can be converted into a (generally, underdetermined) set of algebraic equations for the power densities at

various axial positions in the fuel rods. To solve these underdetermined equations, the linear regularization method is

employed. Results are presented for simulated data for a single fuel rod and for multiple rods in various configurations.

This preliminary study indicates that in-core flux measurements can indeed be used to infer power-density profiles in

reactor fuel rods.

r 2005 Elsevier B.V. All rights reserved.
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1. Introduction

If the distribution of fission neutron production
is known throughout a thermal reactor core,
various thermalization models can be used to
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predict the distribution of the resulting thermal
neutrons. Likewise, various transport models can
be used to estimate the neutron flux in any
specified energy range. However, the inverse
problem of using the thermal or fast flux distribu-
tion to infer the distribution of fission-neutron
source strengths is not so straight forward.
Certainly, if the thermal or fast flux is known at
d.
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only a single point in the core, then there is an
infinity of fission source distributions that could
produce this flux.

However, if the neutron flux could be measured
in real-time at a great many positions throughout
the core, then knowing the core geometry (i.e., the
location, size and compositions of the fuel rods) it
may be possible to make reasonable estimates of
the fission profile in each fuel rod. Equivalently,
the axial power-density distribution could be
estimated for each fuel rod or assembly. This
inverse problem of obtaining real-time power-
density distributions from measured neutron fluxes
is the subject of this paper.
2. Formulation of the inversion problem

To infer power-density profiles in fuel rods from
in-core flux measurements it is first necessary to
develop a mathematical model relating these
quantities. In this section, we consider the general
problem of a thermal-reactor core composed of K

fuel rods, all of the same length zmax. The rods are
located in a homogeneous moderator material,
and N small flux detectors are placed throughout
the core in the moderator. The detectors are
assumed to be point isotropic detectors of thermal
or fast neutrons.

The power-density profile in the kth fuel rod,
where z is the axial position measured from the top
of the fuel rod, is denoted by ukðzÞ ðWcm�3Þ. For
simplicity, it is assumed that there are negligible
self-shielding or radial flux depression in the rods,
so that the power density varies only axially. For
thermal fission of 235U, the power density is
proportional to the fast fission-neutron production
rate density Sk

fnðzÞ, i.e.,

Sk
fnðzÞ

fission neutrons

cm3 s

� �
¼ kukðzÞ

W

cm3

� �
(1)

where

k ¼ 2:43
neutrons

fission

� �
� ð3:1� 1010Þ

fissions s�1

W

� �
¼ 7:53� 1010

neutrons s�1

W

� �
. ð2Þ
The fast fission neutrons quickly (o10�3 s) slow
and diffuse away from their point of birth. LetbRk

i ðzÞ be the flux density produced at position ri in

the moderator by a unit-strength disk source of
fission neutrons with a radius equal to that of the
fuel and at depth z in fuel rod k. The flux density at
position ri produced by fissions in fuel rod k is thus

fk
ðriÞ ¼

Z zmax

0

Sk
fnðzÞ

bRk

i ðzÞdz. (3)

The type of flux, e.g., thermal or fast, depends on
the type of neutron detectors used for the in-core
measurements, e.g., thermal or fast-neutron
threshold detectors.
The response ci (c for counts) of an point

isotropic neutron detector at ri is

ci ¼ Di

XK

k¼1

fk
ðriÞ ¼ Di

XK

k¼1

Z zmax

0

Sk
fnðzÞ

bRk

i ðzÞdz,

i ¼ 1; . . . ;N ð4Þ

where Di is the ith detector’s response (counts,
count rate, current, etc.) per unit neutron flux
density. The expected detector measurement ci can
be expressed in terms of the power-density profiles
of the fuel rods by using Eq. (1) to obtain

ci ¼
XK

k¼1

Z zmax

0

ukðzÞRk
i ðzÞdz; i ¼ 1; . . . ;N (5)

where the detector response function is defined as

Rk
i ðzÞ � kDi

bRk

i ðzÞ.

Eq. (5) is a very general model relating the
neutron detector measurements to the power-
density profiles that are sought. The exact form
of the detector response functions Rk

i ðzÞ depends
on the energy of the neutrons detected and the
geometry and composition of the core. In the next
section models, albeit approximate, are given for
Rk

i ðzÞ and which are subsequently used to demon-
strate the feasibility of solving Eq. (5) for the
power-density profiles ukðzÞ.
3. Models for the detector response function

To use Eq. (5) to relate the power-density
profiles to the measured data, it is first necessary



ARTICLE IN PRESS

J.K. Shultis / Nuclear Instruments and Methods in Physics Research A 547 (2005) 663–678 665
to determine the detector response function Rk
i ðzÞ.

In general, this is a very difficult problem requiring
detailed transport calculations in a heterogeneous
core geometry. The accurate determination of the
response function is a crucial component of
applying the methodology presented here to a
particular reactor core. In this paper, which
explores the feasibility of using in-core measure-
ments to infer power-density profiles, two simple,
although not unrealistic, detector response func-
tions are introduced. One is for a thermal-neutron
fission detector and is based on Fermi age and
diffusion theory. The other is for a fission thresh-
old detector and is based on the uncollided fast
fission-neutron flux. For future studies, in which
measured data are to be analyzed, more accurate
transport-based response functions are presently
being developed with the Monte Carlo MCNP
code [1] for KSU’s TRIGA reactor.
3.1. Thermalization kernel for a point fission source

To derive a simple model for Rk
i ðzÞ, it is assumed

the core can be treated as a quasi-homogeneous
infinite medium and that Fermi-age and diffusion
theories can be used to estimate the thermal flux
arising from a point source of fission neutrons.
From Fermi-age theory, a point isotropic source
emitting Sfn fission neutrons per second produces a
slowing down density qthðrÞ of neutrons reaching
thermal energies at distance r from the source [2]

qthðrÞ ¼
Sfn

ð4ptTÞ
3=2

exp½�r2=ð4tTÞ� (6)

where tT is the age of fission neutrons to thermal
energies. This slowing down density is then used as
a thermal source term in the diffusion equation for
the thermal flux density in spherical geometry. The
general solution, given by Lamarsh [2] (with a
corrected minus sign), is

fthðrÞ ¼
L

D

sinhðr=LÞ

r

Z 1

r

r0 expð�r0=LÞqthðr
0Þdr0

�
þ
expð�r=LÞ

r

Z r

0

r0 sinhðr0=LÞqthðr
0Þdr0

�
.

ð7Þ
Here L and D are the thermal diffusion length and
diffusion coefficient, respectively, for the core
material. Finally, substitution of Eq. (6) into this
result and setting Sfn ¼ 1 one obtains the therma-
lization kernel

GTðrÞ ¼
SL

Dð4ptTÞ
3=2

sinhðr=LÞ

r

Z 1

r

r0
�

� expð�r0=LÞ exp½�r0
2=ð4tTÞ�dr0

þ
expð�r=LÞ

r

Z r

0

r0 sinhðr0=LÞ

�exp½�r0
2=ð4tTÞ�dr0

o
. ð8Þ
3.2. A thermal-neutron response function

Fission neutrons in most reactors core are
produced in cylindrical fuel rods. In such reactors,
it is proposed to place strings of small neutron
detectors, each parallel to the fuel rods, through-
out the core to obtain flux measurements at many
core positions. To develop a thermalization model
for a cylindrical fuel rod, consider a circular cross-
section of a fuel rod of radius R as shown in Fig. 1.
With respect to an origin at the center of this disk,
a point isotropic detector is located at position
r � ðx; y; zÞ ¼ ðd; 0; hÞ. For this feasibility study, it
is assumed that the diffusion properties of the fuel
material and moderator are the same. For the
TRIGA fuel rods to be used in the experimental
phase of this study [3,4], there is roughly as much
hydrogen in the ZrH fuel as in the water
moderator. However, the thermal-neutron absorp-
tion cross-sections are quite different, and in later
analysis studies the differences between fuel and
moderator must taken into account. For the
present, it is assumed that Eq. (8) is valid for this
geometry. The thermal flux density at the detector
from fission neutrons emitted isotropically from a
differential area of the disk, Sa dA ¼ Sardrdy,

is given by d bRth

disk ¼ SaGTðrÞrdrdy, where r ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd � r cos yÞ2 þ r2 sin2 yþ d2

q
. Integration over

the area of the disk (and using the angular
symmetry of the problem) gives the thermal
flux at the detector arising from fission neutrons
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Fig. 1. Geometry for a disk fission-neutron source.

Fig. 2. The fuel-rod thermalization kernel bRth

diskðR; d ; rÞ of Eq.
(9) for detectors in water at two distances d from the fuel-rod

axis.
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emitted by the fuel-rod disk (with Sa ¼ 1), namely,

bRth

diskðR; d; zÞ ¼ 2

Z R

0

rdr
Z p

0

dyGTðrÞ

’ 2
XNr

i¼1

riDr

�
XNy

j¼1

DyGTðrðri; yj ; h; dÞÞ. ð9Þ

Here, equimeshes in the radial and angular
directions are used to evaluate the double integral
over the source disk using Nr and Ny intervals,

respectively. Finally, the detector response func-

tion is RiðzÞ ¼ kDi
bRth

diskðR; d; zÞ. An example, of

the fuel-rod thermalization kernel of Eq. (9) is
shown in Fig. 2 for a water medium.
3.3. A fast-neutron response function

One type of micropocket fission detector
(MPFD) being developed for in-core monitoring
[3,4] is a fast-fission 232Th gas detector that would
respond to neutrons with energies only above
about 2MeV. The use of the fast flux to infer the
axial power-density profiles is more attractive than
use of the thermal flux, since the fast flux is far less
affected by control material (e.g., control rods,
soluble poisons, etc.) than is the thermal flux.
Moreover, the fast flux above 1MeV is very close
to the uncollided flux of fission neutrons and, thus,
more closely related to fissions in nearby regions of
the fuel.
Consider the fuel rod cross-section disk shown

in Fig. 3. The fission neutrons emitted isotropically
from the differential area dA ¼ rdrdy produce an
uncollided flux dfo

f at point a detector located at
P1, a radial distance d from the fuel rod axis and at
an axial distance z from the disk, given by

dfo
fn ¼

Sa dA

4p‘2
exp½�SF‘F � SM‘M�. (10)

Here Sa is the number of fission neutrons emitted
per unit area of the fuel rod disk per unit time, ‘
the distance from dA to the detector, ‘F=‘M the
distance neutrons travel in the fuel rod/moderator
to reach the detector, and SF=SM is the total
macroscopic cross-section for the fuel/moderator,
averaged over the fission neutron energy spectrum
above the threshold energy of the fast neutron
detector.
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Fig. 3. Geometry for uncollided fast-flux kernel for a disk

fission-neutron source.
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To calculate the distances ‘F and ‘M, the
coordinates of the point Po where the line joining
P1 (the detector) and P2 (the differential source
area dA) intersects the cylindrical fuel rod surface
are needed. With respect to a Cartesian coordinate
system centered on the disk center, the coordinates
of points P1 and P2 are ðx1 ¼ d; y1 ¼ 0; z1 ¼ zÞ and
ðx2 ¼ r cos y; y2 ¼ r sin y; z2 ¼ 0Þ, respectively.
The line through points P1 and P2 is given
parametrically by

x ¼ x1 þ sðx2 � x1Þ

y ¼ y1 þ sðy2 � y1Þ

z ¼ z1 þ sðz2 � z1Þ. ð11Þ

The parameter s is the fraction of the distance ‘
between P1 and P2 at which the point ðx; y; zÞ on
the line lies from P1. The equation of the
cylindrical fuel rod surface is x2 þ y2 � R2 ¼ 0,
which upon substitution for x and y from Eq. (11),
gives

½x1 þ ðx2 � x1Þs�
2 þ ½y1 þ ðy2 � y1Þs�

2 � R2 ¼ 0.

(12)
This is a quadratic equation for the parameter s

whose two solutions s� and sþ correspond to the
two intersection points P0 and P0

0 of the line with
the cylinder. These values are (with x1 ¼ d and
y2 ¼ 0)

s ¼
ðx2 � dÞd

ðd � x2Þ
2
þ y2

2

� 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

ðd � x2Þ
2
þ y2

2

d2
þ ðd � x2Þ

2
ðd2

� R2Þ

s( )
. ð13Þ

The smallest root smin � s�o1 corresponds to the
intersection point P0 nearest the detector, while
smax � sþ41 corresponds to the intersection point
on the opposite side of the fuel rod surface. The
distance from P1 to P0 ‘ is thus ‘

M ¼ smin‘ and the
distance from P0 to P2 is ‘F ¼ ð1� sminÞ‘ where
the distance from P1 to P2 is

‘ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � x2Þ

2
þ ðy1 � y2Þ

2
þ ðz1 � z2Þ

2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd � r cos yÞ2 þ r sin y2 þ z2

q
. ð14Þ

The uncollided fast-flux kernel bRfn

disk is then
obtained (with Sa ¼ 1) by integrating Eq. (10)
over all dA on the disk source, namely

bRfn

diskðR; d; hÞ ¼

Z 2p

o

dy
Z R

0

drrdfo
fnðr; yÞ

¼ 2

Z p

o

dy
Z R

0

dr
r

4p‘2

� exp½�SF‘F � SM‘M�

’
Dr Dy
2p

XNr

i¼1

XNy

j¼1

ri

‘2ij

� exp½�SF‘Fij � SM‘Mij �. ð15Þ

This last result is obtained by numerical quad-
rature in which the ð0; pÞ angular range and ð0;RÞ

radial range are approximated by Ny and Nr

equimesh angular and radial intervals Dy and Dr,
respectively. Finally, the fast-neutron detector
response function is RiðzÞ ¼ kDiR

fn
diskðzÞ.

For the TRIGA reactor, SF ’ 0:30 cm�1 and
SM ’ 0:14 cm�1. The fast uncollided kernel of Eq.
(15) is illustrated in Fig. 4 along with results
obtained by MCNP [1] for the same infinitely long
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Fig. 4. The uncollided fast fission-neutron kernel bRfn

diskðR; d ; rÞ
of Eq. (15) (solid line) for detectors 1 cm from the surface of an

infinitely long TRIGA fuel rod. Also shown are MCNP results

for the uncollided flux (solid circles) and the total flux (open

circles and dashed line) for neutrons with energies between 2

and 20MeV.
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homogeneous fuel rod in an infinite water medium.
For the MCNP calculations, a disk fission
source was placed in the fuel rod and axially
symmetric ring detectors were placed in the water
around the fuel rod at various axial distances from
the source. Both the uncollided and total flux of
neutrons in the energy range 2–20MeV were
tallied. It is seen from Fig. 4 that the simple disk
kernel of Eq. (15) with SF ¼ 0:30 cm�1 and SM ¼

0:14 cm�1 givesremarkably good agreement with
the MCNP results.

Of special note is the rapid fall-off with axial
distance z of the detector from the disk source as
compared to the thermal-neutron kernel shown
in Fig. 2. This indicates that the fast flux should
be much more sensitive to axial variations in
the power-density profile in the fuel rod than
would be the thermal flux. It also implies that
fast neutron detectors respond primarily to
neutrons born in immediately adjacent fuel rod
region, whereas thermal flux detectors can be
expected to be sensitive to neutrons born much
farther away.
4. A nodal approximation for the inversion problem

To solve the Fredholm equations of Eq. (5) for
the power-density profiles ukðzÞ, these equations
are first approximated by a set of linear algebraic
equations for the power density uk

j � ukðzjÞ at M

specified depths zj by using some appropriate
numerical quadrature scheme to approximate the
integrals. The resulting linear equations can be
written as

ci ¼
XK

k¼1

XM
j¼1

Rk
ijuj ; i ¼ 1; . . . ;N (16)

where Rk
ij is an N � M matrix.

This result can be simplified by combining all
the unknown power densities uk

j ; k ¼ 1; . . . ;K into
a single vector, namely

u ¼ col½u1
1; u

1
2; . . . ; u

1
M

�ju2
1; u

2
2; . . . ; u

2
M j . . . juK

1 ; u
K
2 ; . . . ; u

K
M �. ð17Þ

Then define the N � MK matrix

R ¼ ðR
1j R2j � � � j RK

Þ. (18)

The N equations of Eq. (16) can thus be written
compactly in vector notation as

c ¼ Ru. (19)

The reduction of Eqs. (5)–(16) can be effected by
using numerical quadrature. A set of discrete
depths zj (usually equispaced) is selected with z1 ¼

0 (the top of the fuel rods) and zM ¼ zmax (the
bottom of the fuel rods). With this discrete spatial
grid, Eq. (5) is decomposed into a sum of integrals
over the subintervals as

ci ¼
XK

k¼1

Z zmax

0

dz Rk
i ðzÞu

kðzÞ

¼
XK

k¼1

XM�1

j¼1

Z zjþ1

zj

dz Rk
i ðzÞu

kðzÞ. ð20Þ

The evaluation of the matrix elements Rk
ij in Eq.

(16) depends on the specific quadrature scheme
used. Results for three quadrature schemes are
presented below.
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4.1. An interval-average approximation

In this discretization, ukðzÞ in each of the
subintervals in Eq. (20) is approximated by the
average of its endpoint values. Thus Eq. (20)
becomes

ci ’
XK

k¼1

XM�1

j¼1

uk
jþ1 þ uk

j

2

Z zjþ1

zj

Rk
i ðzÞdz

¼
XK

k¼1

XM�1

j¼1

1

2
uk
1

Z z2

z1

Rk
i ðzÞdz

�

þ
XM�1

j¼2

uk
j

Z zjþ1

zj�1

Rk
i ðzÞdz

þ uk
M

Z zM

zM�1

Rk
i ðzÞdz

�
¼
XK

k¼1

XM
j¼1

Rk
iju

k
j ð21Þ

where the elements of the Rk matrix are given by

Rk
ij ¼

1

2

R x2

x1
Rk

i ðzÞdz; j ¼ 1R xjþ1

xj�1
Rk

i ðzÞdz; j ¼ 2; . . . ;M � 1R xM

xM�1
Rk

i ðzÞdz; j ¼ M :

8>>><>>>: (22)

4.2. A piecewise linear approximation

Here, it is assumed ukðzÞ varies linearly between
its values at the endpoints of each subinterval, i.e.,

ukðzÞ ’ ðzjþ1 � zÞuk
j =Dj þ ðz � zjÞu

k
jþ1=Dj ,

zjpzpzjþ1 ð23Þ

where Dj � ðzjþ1 � zjÞ. Substitution of this result
into Eq. (20) gives

ci ¼
XM�1

j¼1

uj

Dj

Z zjþ1

zj

dz ðzjþ1 � zÞRk
i ðzÞ

þ
XM�1

j¼1

ujþ1

Dj

Z zjþ1

zj

dzðz � zjÞR
k
i ðzÞ. ð24Þ
This expression reduces to Eq. (16) in which the Rk
ij

are given by

Rk
ij ¼

R z2
z1
dz f 1ðzÞR

k
i ðzÞ; j ¼ 1R zjþ1

zj�1
dz f jðzÞR

k
i ðzÞ; j ¼ 2; . . . ;M � 1R zM

zM�1
dz f M ðzÞRk

i ðzÞ; j ¼ M

8>>><>>>:
(25)

with the weighting functions f jðzÞ defined as

f jðzÞ ¼

ðz � zj�1Þ=Dj�1; zj�1pzozj

ðzjþ1 � zÞ=Dj ; zjpzozjþ1

0; otherwise:

8><>: (26)

The integrals in Eq. (25), generally, must be
evaluated using numerical integration.
4.3. A piece-wise quadratic approximation

Eq. (32) can also be approximated by

ci ¼
XK

k¼1

Z zmax

0

dz Rk
i ðzÞu

kðzÞ

¼
XK

k¼1

XM�2

j¼1

0 Z zjþ2

zj

dz Rk
i ðzÞu

kðzÞ ð27Þ

where the prime on the summation indicates that
the summation is over only odd values of j. For the
approximation developed here, M is assumed odd.
Now approximate ukðzÞ in each pair of adjacent
subintervals by a quadratic function. For equally
spaced nodes with D ¼ zjþ1 � zj , uðzÞ in interval
ðzj ; zjþ2Þ is approximated by

uðzÞ ’
ðz � zjþ1Þðz � zjþ2Þ

2D2
uk

j �
ðz � zjÞðz � zjþ2Þ

D2
uk

jþ1

þ
ðz � zjÞðz � zjþ1Þ

2D2
uk

jþ2. ð28Þ

Substitution of this result into Eq. (27)
gives Eqs. (16) where the Rk

ij are now
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given by

Rk
ij

¼
1

2D2

R z3
z1
dz ðz � z2Þ

�ðz � z3ÞR
k
i ðzÞ; j ¼ 1R zj

zj�2
dz ðz � zj�2Þ

�ðz � zj�1ÞR
k
i ðzÞ

þ
R zjþ2

zj
dz ðz � zjþ1Þ

�ðz � zjþ2ÞR
k
i ðzÞ; j odd; ja1;M

�2
R zjþ1

zj�1
dz ðz � zj�1Þ

�ðz � zjþ1ÞR
k
i ðzÞ; j evenR zM

zM�2
dz ðz � zM�2Þ

�ðz � zM�1ÞR
k
i ðzÞ; j ¼ M :

8>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>:
ð29Þ

5. Estimating the power-density profiles

The inversion of Eq. (19) is an ill-posed problem
since the number KM of unknowns (the uk

j ) is
generally greater than the number N of measure-
ments (the ci). This means there are an infinite
number of solutions because the solution space (of
dimension KM) has a ðKM � NÞ dimensional
degeneracy, i.e., any ðKM � NÞ components of u
could be specified arbitrarily and still have Eq. (19)
satisfied. To remove this degeneracy, the inversion
problem must be regularized [5]. Such a regularized
solution is obtained by solving the following
minimization problem:

minimize : A½u� þ lB½u� (30)

where the positive functional A½u�40 measures
how well the vector u satisfies Eq. (19) and the
positive functional B½u�40 measures how well u
satisfies whatever conditions are imposed to
regularize the solution. Here l is a parameter of
the solution. As l varies from 0 to 1, the solution
uðlÞ varies along a trade-off curve between mini-
mizing A (subject to constraint B ¼ b) and
minimizing B (subject to constraint A ¼ a).
5.1. Linear regularization

Because the axial power profile in a fuel rod is
generally a smoothly varying function of position
z, linear regularization [5–9] is an obvious choice
because, in this regularization method, smoothness
constraints are imposed on the solution to remove
the solution degeneracy. In this type of regular-
izaton, the functional A½u� is chosen as the w2

statistic

w2½u� ¼
XN

i¼1

XKM

j¼1

ci �
XKM

k¼1

Rikuk

" #

�S�1
ij cj �

XKM

k¼1

Rjkuk

" #
ð31Þ

�
XN

i¼1

1

s2i
ci �

XKM

k¼1

Rikuk

" #2
¼ jAu� bj2 ð32Þ

which measures how well u satisfies Eq. (19), with
w2 ¼ 0 indicating an exact solution. Here Sij ¼

Covar½ni; nj� are the elements of the covariance
matrix with ni being the uncertainty or stochastic
variation associated with the measured ci. The
approximate equality in the above result holds if
one can neglect the off-diagonal covariance terms,
with s2i ¼ Covar½ni; ni�. The matrix A has elements
Aij ¼ Rij=si and the vector b has elements
bi ¼ ci=si.
The functional B½u� is chosen as some measure

of the smoothness of each of the ukðzÞ and is
derived from first or higher derivatives of ukðzÞ. In
particular, the linear regularization method re-
quires that B½u� ¼ uTHu where H is some appro-
priate symmetric smoothing matrix. The inversion
solution is thus determined by the following
minimization problem:

minimize : A½u� þ lB½u�

¼ jAu� bj2 þ luTHu. ð33Þ

The matrix H is obtained by making some a priori
assumption about the nature of the axial power-
density profiles ukðzÞ. Examples are given in
Section 5.2.
To obtain the minimum of the functional of

Eq. (33) and find u, we write Eq. (33) in its
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component form as

F½u� � A½u� þ lB½u� ¼
XN

i¼1

XKM

j¼1

Aijuj � bi

" #2

þ l
XKM

i¼1

ui

XKM

j¼1

Hijuj. ð34Þ

The values of uj that minimize this functional are
the solutions of the KM normal equations obtain
by setting the derivative of F½u� with respect to uj

to zero. Differentiation of Eq. (34) with respect to
um, setting the result to zero, and use of the
symmetry property of H gives

XKM

j¼1

XN

i¼1

AimAij

 !
þ lHmj

( )
uj ¼

XKM

i¼1

Aimbi,

m ¼ 1; . . . ;KM ð35Þ

or, in matrix form,

ðATAþ lHÞu ¼ ATb. (36)

This set of KM linear algebraic equations is readily
solved for u using standard techniques such as the
Lower–Upper (LU) decomposition method or the
singular-value decomposition (SVD) method [5].

Notice that before solving Eq. (36), one must
first pick a value of l. What value to pick? Ideally,
l should be as small as possible so as to force w2 to
be as small as possible without loosing, through
numerical roundoff, the effect of the smoothing
component (the H-term) that forces a unique
solution. As a starting point for the l search, Press
et al. [5] suggests

l ¼ TrðATAÞ=TrðHÞ (37)

where Tr is the matrix trace (sum of diagonal
elements).
5.2. Smoothing matrices

In the linear regularization approach, the
functional B½u� is chosen as some measure of the
collective smoothness of all the fuel rod profiles
ukðzÞ; k ¼ 1; . . . ;K . The functional B½u� can be
expressed as a sum of smoothness measures for
each fuel-rod profile, namely

B½u� ¼
XK

k¼1

B½uk� ¼
XK

k¼1

ðukÞ
THkuk ¼ uTHu (38)

where the u vector one is seeking is that of Eq. (17)
and the KM � MK block-diagonal matrix H is

(39)

The construction of the symmetric M � M sub-
matrices Hk depends on the smoothness criterion
chosen for the axial power-density profile for each
fuel rod. In general, one can write

ðukÞ
THkuk ¼ ðukÞ

T
½ðBkÞ

TBk�uk. (40)

Several examples are given below.

5.2.1. Quadratic smoothing

If a quadratic function is a good approximation
for ukðzÞ then, using forward finite difference, the
following functional should be minimized:

B½uk� /

Z zmax

0

½uk 000ðzÞ�2 dz

/
XM�3

j¼1

½�uk
j þ 3uk

jþ1 � 3uk
jþ2 þ uk

jþ3�
2. ð41Þ

Bk is the ðM � 3Þ � M matrix

Bk ¼

�1 3 �3 1 0 0 0 . . . 0

0 �1 3 �3 1 0 0 . . . 0

..

. . .
. ..

.

0 . . . 0 0 �1 3 �3 1 0

0 . . . 0 0 0 �1 3 �3 1

0BBBBBB@

1CCCCCCA
(42)

from which the M � M symmetric matrix Hk ¼

ðBkÞ
TBk is obtained.

5.2.2. Second-order quadratic smoothing

The use of the first-order forward finite differ-
ence approximation for uk 000ðzÞ in Eq. (41) can be
made more accurate for the nodes interior to
the boundaries by using a second-order central
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difference approximation, namely,

uk
i

000
/ ½�uk

i�2 þ 2uk
i�1 � 2uk

iþ1 þ uk
iþ2�=2,

2oioM � 1: ð43Þ

With this approximation, and the first-order
forward and backward finite difference approx-
imation for i ¼ 1; 2;m � 1; and m, the M � M Bk

matrix becomes

Bk ¼

�2 6 �6 2 0 0 0 . . . 0

0 �2 6 �6 2 0 0 . . . 0

�1 2 0 �2 1 0 0 . . . 0

0 �1 2 0 �2 1 0 . . . 0

..

. . .
. ..

.

0 . . . 0 �1 2 0 �2 1 0

0 . . . 0 0 �1 2 0 �2 1

0 . . . 0 0 �2 6 �6 2 0

0 . . . 0 0 0 �2 6 �6 2

0BBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCA

.

(44)

The resultingHk ¼ BkTBk is an M � M symmetric
matrix.
5.2.3. Cubic smoothing

Finally, we present the smoothing matrix for
cubic smoothing. If one uses first-order forward
finite differences for the fourth derivative, with
cubic smoothing one tries to minimize

B½uk� /

Z zmax

0

½uk 0000ðzÞ�2 dz

/
XM�4

j¼1

½�uk
j þ 4uk

jþ1 � 6uk
jþ2 þ 4uk

jþ3 � uk
jþ4�

2

ð45Þ

so that the ðM � 4Þ � M Bk matrix is

Bk ¼

�1 4 �6 4 �1 0 0 . . . 0

0 �1 4 �6 4 �1 0 . . . 0

..

. . .
. ..

.

0 . . . 0 �1 4 �6 4 �1 0

0 . . . 0 0 �1 4 �6 4 �1

0BBBBBB@

1CCCCCCA
(46)

from which the M � M symmetric matrix Hk ¼

ðBkÞ
TBk is obtained. Finally, other higher-order

polynomial smoothing schemes can be used [5,10]
but those presented in this section are sufficient for
the present study.
6. Example results

6.1. A single fuel rod

To determine the capabilities of the linear
regularization (LR) method for the axial power-
density problem, simulated data for point thermal-
neutron detectors were constructed for specified
power-density profiles. In this first example, a
single fuel rod ðK ¼ 1Þ in an infinite moderator
was considered. The rod considered had a radius
R ¼ 1:9 cm and a length zmax ¼ 38 cm, typical of
the fueled portion of a TRIGA fuel rod [11]. N

equispaced thermal-flux detectors are placed in a
line parallel to the rod axis and 1 cm from the rod
surface. The first and last detectors are positioned
opposite the ends of the fueled portion of the fuel
rod.
Simulated detector responses ci, for a given

power-density profile were calculated from Eq. (5)
with K ¼ 1. With an adaptive Gaussian numerical
integration and a specified power-density profile
u1ðzÞ, values of the fcig were calculated very
accurately. These simulated ideal detector responses
were then used to test the robustness of the LR
method to estimate the power-density profile.
With the thermal-flux response function de-

scribed in Section 3.2, simulated detector re-
sponses fcig were generated for a typical power-
density profile, which is frequently encountered in
actual fuel rods, namely, a cosine-like distribution
about the rods midpoint and depressed at the
upper end by near-by control rods to give a
‘‘slumped’’ cosine shape. This profile is shown in
Figs. 5 and 6 by the heavy dashed lines. With
simulated ci, the LR method was then used to
reconstruct this profile.
The reconstructed power-density profile de-

pends on the parameter l that balances the
trade-off between smoothness and accuracy of
the profile as shown in Fig. 5. The smaller l the
better is the fit to the data, i.e., the smaller w2 �
A½u� � jAu� bj2 becomes. By contrast, as l
becomes large, the inverted profile becomes
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Fig. 5. LR estimated profiles using quadratic smoothing for

several values of l. The exact power-density profile is shown by

the heavy dashed line. With 5 detector responses ci, profiles

were evaluated at M ¼ 51 depths in the fuel rod and plotted

with cubic spline interpolation.

Fig. 6. The LR inverted power-density profiles (M ¼ 51) using

3 and 5 detectors. The exact profile, with which the simulated

detector response ci were calculated, is shown by the heavy

dashed line. Values of l are those obtained from Eq. (37).

Fig. 7. Variation of the quadratic smoothness and accuracy

components with l for the problem shown in Fig. 5.

Fig. 8. The trade-off curve showing the variation with l of the

accuracy with the quadratic smoothness constraints shown in

Fig. 5.
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smoother and the fit becomes less accurate, i.e.,
uTHu becomes smaller while w2 becomes larger.
This behavior is illustrated in Figs. 7 and 8 which
shows how w2 and uTHu vary with l. The trade-off

curve shown in Fig. 8 dramatically illustrates show
l controls the compromise between accuracy and
smoothness of the reconstructed profile. However,
if too small a value of l is used, the finite computer
precision causes the regularization of the smooth-
ing term to be lost and numerical instabilities arise
(as seen in Fig. 5 for l ¼ 10�14).
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With the smooth specified power-density profile
of Fig. 5 and the accurate evaluation of the ci,
information from relatively few detectors is needed
to reconstruct the profile. In Fig. 6 it is seen that
only 5 detectors are needed to reconstruct the
profile (evaluated at M ¼ 51 positions and plotted
with cubic spline interpolation).

Because the simulated ci values used in these
examples are exact, i.e., they have no associated
statistical uncertainties, the optimal (most accu-
rate) computed profile is obtained with the smallest
value of l that can be used before numerical
instabilities appear. These best-fit profiles, i.e.,
those with the smallest w2, represent the maximum
capability of the inversion method since any real
count data for the ci have stochastic fluctuations,
thereby degrading the inversion process.

In Fig. 7 it is seen that as l increases beyond 102

the inverted profile assumes an increasingly quad-
ratic shape, as prescribed by the quadratic
smoothing constraint used, and the smoothing
uTHu term decreases. With ideal simulated data,
excellent reconstructed profiles are obtained for a
wide range of l. Fig. 7 shows the w2 component
decreases continuously as l decreases below
l ¼ 102, indicating an increasingly more accurate
profile. However, as seen from Fig. 5, essentially
the same profile (2–3 significant figures) is
obtained for 10�13olo102. For this particular
problem, the LR method is very robust in that the
‘‘best’’ reconstructed profile is very insensitive to
the value of l.

As seen in this example, the linear regularization
method is capable of extracting quite reasonable
profiles given only a small number of ci values
(here 5). When uðzÞ is small near the top of the fuel
rod, the computed profiles often yield small
negative values. These spurious values are char-
acteristic artifacts of the inversion process since
linear regularization imposes no positivity con-
straint on the uðzÞ. One simplistic approach is
simply to ignore such negative concentration
estimates and to set the offending value to zero.
However, such an ad hoc procedure is not very
satisfying. The constrained LR (CLR) method [10]
offers a more rigorous approach to eliminating
such negative values in the reconstructed profile.
This technique is to be investigated in future work.
7. Multiple fuel rods

For the case of K fuel rods, the power-density
profiles at M equispaced axial depths are the
components of the vector u of Eq. (17) where the
superscript on the components refers to the fuel
rod number and the subscript to the axial depth.
With the linear regularization (LR) method
described in Section 5.1, this vector of power
densities is the solution of Eq. (36). For N

detectors, the weighted response matrix A is the
N � MK matrix

A ¼ ðA
1
jA2

j � � � jAK
Þ (47)

where the response matrix for the kth fuel rod
Ak

� SRk with Sij ¼ ð1=siÞdij ; i; j ¼ 1; . . . ;N.
Here, si is the standard deviation of the stochastic
variation associated with the ith detector response
ci. For the case of ‘‘perfect’’ detector data (such as
those generated for the simulations in this paper),
S ¼ I, the identity matrix. The KM � KM

smoothing matrix H is given by Eq. (41), in which
Hk is the M � M smoothing matrix for the kth
fuel rod (see Section5.2). Finally, the weighted
detector response vector b � Sc ¼ c.
7.1. Computational considerations

There are several important considerations in
using Eq. (36) to obtain the power-density profiles
u. First, the MK � MK matrix D � ATAþ lH
must be evaluated. Even for a modest number of
fuel rods (K ¼ 100 say) and for fuel-rod profiles
evaluated at say M ¼ 20 axial locations, the C

matrix begins to become sufficiently large (here
2000� 2000) that evaluation of the ðMKÞ

2 com-
ponents can present a challenge to solve Eq. (36)
sufficiently quickly to obtain power-density pro-
files in ‘‘real time.’’
If, during transient operation, the neutronic

properties (cross-sections and geometry) do not
change appreciably, D remains relatively constant
and needs not be recomputed to invert another
set of detector readings. For example, the
responses of fast-neutron fission detectors are
much less affected by control motion than are
thermal-neutron fission detectors since the thermal
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absorber in a control rod do little to shield an
adjacent detector from fast neutrons.

Besides the time required to calculate the
components of the D matrix, the memory required
to store its components may be of concern when
using a personal computer. For, example if MK ¼

10; 000 then 10; 000� 10; 000 double precision
components requires 800Mbytes of memory,
memory that is available only in high-end personal
computers. To avoid having to calculate and store
the full H matrix of Eq. (39), its elements Hij can
be calculated as needed from the much smaller
M � M submatrices Hk if the same smoothing
regularization scheme is used for each fuel rod. In
this case all the Hk are equal, and Hij i; j ¼
1; . . . ;MK can be computed readily from any
one of the submatrices Hk

ij i; j ¼ 1; . . . ;M, as
follows. Let ki ¼ ði � 1Þ=M and kj ¼ ðj � 1Þ=M

where the ‘‘integer’’ division discards any frac-
tional part. Then

Hij ¼
0; kiakj

Hk
mn; ki ¼ kj

(
(48)

where m ¼ i � ðM � kiÞ and n ¼ j � ðM � kjÞ.
Another computational concern is how rapidly

Eq. (36) can be solved for u. For modest sized
problems with MKo200, Eq. (36) can be solved
directly using Gauss elimination or the LU
decomposition technique [5] in a few seconds with
present day personal computers. For much larger
values of KM, matrix iterative techniques may be
needed. In this study based on the KSU TRIGA
reactor with only a sector of the core being
investigated, the size of MK is such that the direct
solution strategy using LU decomposition can be
used.
Fig. 9. Inverted power-density results (M ¼ 11) from LR (solid

circles) and the profiles (thin lines) used to generate the

simulated detector data. The eight fuel rods (each 38 cm long

and 3.8 cm in diameter) are in a linear arrays with a 2 cm water

gap between adjacent rods. Detector strings (open circles) are

midway between fuel rods with 5 fast-flux detectors per string.
7.2. Results for linear arrays

To test the linear regularization technique for
multiple fuel rods, several simple linear arrays
were analyzed. Arbitrary power-density profiles
ukðzÞ were invented and simulated detector re-
sponses ci were constructed by numerically eval-
uating Eq. (5). The detector response function
Rk

i ðzÞ used was that of a fast-flux fission detector as
described in Section 3.3. Again no stochastic
uncertainty was introduced into the simulated
data.
These simulated data were then unfolded or

inverted using the linear regularization scheme.
Results for two such analyzes are shown in Figs. 9
and 10. The actual power-density profiles are
shown as continuous lines and the unfolded results
at discrete axial locations are shown as solid
circles. The agreement is remarkably good, in-
dicating that, the linear regularization technique
may be effective for analysis of real detector data.
In these simulation studies, the piecewise quad-

ratic nodal approximation (see Section 4.3) was
used to evaluate the elements Rk

ij of the response
matrix using M ¼ 11 equispaced axial depths for
each fuel rod. The forward-difference quadratic
smoothing matrix of Section 5.2.2 was used to
regularize the inversion problems. Flux probes or
strings, each with 5 equispaced, isotropic, fast-
fission, point detectors, were positioned parallel to
the fuel rods as shown by the smaller circles in the
fuel rod arrays shown in Figs. 9–11. Thus, for the
problem shown in Fig. 10 with K ¼ 8 fuel rods and
N ¼ 8� 5 ¼ 40 detectors, MK ¼ 88 values of the
power density are determined from the 40 detector
responses.
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Fig. 10. Inverted power-density results (M ¼ 11) from LR

(solid circles) and the profiles (thin lines) used to generate the

simulated detector data. The eight fuel rods (each 38 cm long

and 3.8 cm in diameter) are placed in the shown triangular array

with a 2 cm water gap between adjacent rods. Eight detector

strings (open circles) are located at the centroids of the array

with 5 fast-flux detectors per string.

Fig. 11. Inverted power-density results (M ¼ 11) from LR

(solid circles) for the same case as Fig. 10 except the last

detector string is absent. Good results are obtained for rods

1–4; however, inverted profiles for rod 5 (open squares) and rod

6 (open circles) deviated from the actual profiles. Results for

rods 7 and 8 were meaningless.
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From these and other examples, it was found
that the number of detector strings needed to
obtain good estimates of the power-density pro-
files had to equal or exceed the number of fuel
rods. Moreover, the detector strings must be
placed such that interchanging two fuel rods with
different profiles would not give the same detector
responses. An example of such a poorly configured
array is shown in Fig. 11. This example is the same
as that of Fig. 10 except the eighth detector string
above rod 8 is omitted. Because the detectors
respond primarily to fast neutrons born in the
adjacent rods, the readings from the seventh string
are little affected if rods 6 and 8 are interchanged.
Thus, it is not surprising that the unfolded profiles
begin to increasingly deviate from the actual
profiles as the right-hand end of the array is
reached. Unfolded profiles for rods 5 and 6 (open
symbols) show significant errors, while the results
for rods 7 and 8 were meaningless exhibiting very
large negative and positive oscillations.

7.3. Simulated results for the KSU TRIGA reactor

It is planned to make flux measurements with
new micropocket fission detectors (MPFD) in the
core of KSU’s TRIGA Mark II reactor [3,4]. To
investigate the potential for inferring power-
density profiles in the TRIGA fuel rods from such
measurements, simulation studies were performed
for the TRIGA lattice geometry [11]. The features
of this core lattice are shown in Fig. 12. The sector
of the core to be used for the experimental phase of
this project is shown in Fig. 13.
To investigate the capabilities of the linear

regularization technique to obtain power-density
profiles for the TRIGA fuel rods, different power-
density profiles ukðzÞ were created for each fuel rod
shown in Fig. 13. Simulated detector responses ci

were then constructed by numerically evaluating
Eq. (5). Again the short-range detector response
function Rk

i ðzÞ of a fast-flux fission detector was
used (see Section 3.3).
Example results are shown in Figs. 14–16. The

unfolded power densities (11 values per fuel rod)
are shown as symbols while the exact profiles used
to generate the simulated data are the continuous
lines. Again the unfolded results show remarkable
agreement with the exact profiles. Only for the case
of fuel rod 8 in Fig. 16 is disagreement apparent.
Because of the short-range sensitivity of a fast-flux
threshold fission detector, this disagreement is not
surprising since fuel rod 8 is so far removed from
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Fig. 13. The portion of the TRIGA core to be used for making

flux measurements. Fuel rod numbers and flux probe hole

numbers are shown. Fuel rods are 3.80 cm in diameter with a

fuel length of 38 cm [11].

Fig. 14. Power-density profiles (lines) and unfolded results

(solid circles) for seven fuel rods and seven fast-flux strings with

5 detectors each.

Fig. 15. Power-density profiles (lines) and unfolded results

(solid circles) for nine fuel rods and nine fast-flux strings with 5

detectors each.

Fig. 12. A horizontal view of KSU’s TRIGA core. Location of

three control rods (SR, RR, and PR) and the water-filled

central thimble (CT) are identified. Small solid circles are the

available detector string locations [11].
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Fig. 16. Power-density profiles (lines) and unfolded results

(solid circles) for six fuel rods six nine fast-flux strings with 5

detectors each.
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the nearest detector string that neutrons born in
this fuel rod have little influence on the detector
responses.

Also, it should be noted that in this initial study
of the TRIGA core, only the fuel rods whose
power-density profiles were to be estimated were
allowed to contribute to the simulated detector
responses. The effect of having all fuel rods
contribute to the simulated data is currently being
investigated. However, since a fast-neutron detec-
tor’s response is determined primarily by the
adjacent fuel rods, unfolded profiles can be
expected to be reasonably accurate provided all
the adjacent fuel rods are included in the analysis.
8. Conclusions

From the results presented here, it is apparent
that the linear regularization approach can be
quite successful at inverting simulated in-core flux
measurements. However, these results are based
on idealistic detector response functions and
‘‘perfect’’ simulated data. To validate this metho-
dology, realistic detector response functions must
be obtained through detailed neutron transport
calculations. Further the effect of noise in the
detector system and the inherent stochastic varia-
tion in any radiation detection system must be
investigated. Such investigations are ongoing, as
well as the adaption of this methodology to the
analysis of measurements from in-core micro-
pocket fission chambers in KSU’s TRIGA reactor.
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